Abstract. The packing chromatic number χρ(G) of a graph G is the smallest integer k such that the vertex set of G can be partitioned into sets V i , i ∈ {1, . . . , k}, where each V i is an i-packing. In this paper, we consider the packing chromatic number of several families of Sierpiński-type graphs. While it is known that this number is bounded from above by 8 in the family of Sierpiński graphs with base 3, we prove that it is unbounded in the families of Sierpiński graphs with bases greater than 3. On the other hand, we prove that the packing chromatic number in the family of Sierpiński triangle graphs ST n 3 is bounded from above by 31. Furthermore, we establish or provide bounds for the packing chromatic numbers of generalized Sierpiński graphs S n G with respect to all connected graphs G of order 4.
Introduction
Given a graph G and a positive integer i, an i-packing in G is a subset W of the vertex set of G such that the distance between any two distinct vertices from W is greater than i. This generalizes the notion of an independent set, which is equivalent to a 1-packing. The packing chromatic number of G is the smallest integer k such that the vertex set of G can be partitioned into sets , . . . , k}) . This invariant is well defined in any graph G and is denoted by χ ρ (G). The corresponding mapping c : where d(u, v) is the usual shortest-path distance between u and v, is called a k-packing coloring. The packing chromatic number was introduced in [17] (the name broadcast chromatic number was used in the first paper, indicating potential applications of the concept), and was subsequently studied in a number of paper, see [1] [2] [3] [4] [5] [6] [7] [9] [10] [11] [12] 18, 21, 23, 24, 26, 28, 29] .
One of the main areas of investigation has been to determine the packing chromating numbers of infinite graphs such as infinite grids, lattices, distance graphs, etc. [3,4,9,11,12,23] . For instance, the question of what is the packing chromatic number of the infinite square grid was already initiated in the seminal paper [17] , and in some further papers a lower and an upper bound for this number were improved; currently, the packing chromatic number of the square grid is known to lie between 13 and 15 [3] . While the packing chromatic number of the hexagonal lattice was shown to be 7 (joint efforts in the papers [4, 11, 23] give this value), that of the triangular lattice is infinite [12] .
The results of Sloper [27] imply that in the infinite 3-regular tree the packing chromatic number is 7, while in the infinite k-regular tree with k > 3 the packing chromatic number is infinite. From this, one can infer that in the class of graphs with degree bounded by k the packing chromatic number is unbounded as soon as k ≥ 4. Several recent papers considered the question whether the packing chromatic number in the class of graphs with maximum degree 3 (i.e., subcubic graphs) is bounded by some constant [5, 6, 15] , but in the very recent paper [2] the authors prove that this is not the case. Nevertheless, the question of boundedness of the packing chromatic number in some natural infinite classes of graphs remains interesting. For instance, for the Sierpiński graphs with base 3, S n 3 , it was proven that their packing chromatic number is between 8 and 9 as soon as n ≥ 5 [5] . (In the recent manuscript [8] it was shown that in fact χ ρ (S n 3 ) = 8 for n ≥ 5.) As the Sierpiński graphs S n k form a fractal-like class of graphs, which can be built by a recursive procedure in which the graphs from the class of smaller dimension are used as building blocks, it seems particularly interesting to study the packing coloring in these graphs. Let us recall the definition of this class of graphs.
Let
and base k have [k]
n 0 as the vertex set, and the edge set is defined recursively as
In other words, S n k can be constructed from k copies of S n−1 k in the following way. For each j ∈ [k] 0 concatenate j to the left of the vertices in a copy of S n−1 k and denote the obtained graph by jS n−1 . Next for each i = j join copies iS n−1 and jS n−1 by the single edge {ij n−1 , ji n−1 }. Note that the diameter of S n k is 2 n − 1. A natural question arises whether the packing chromatic number in the class of Sierpiński graphs with bases greater than 3 is also bounded from above as is the case with base 3 Sierpiński graphs. In Sect. 2 we prove that this is not the case, even when the class S n 4 is considered. In the proof we use the recursive structure of these graphs, and combine a lower bound on χ ρ (S n 4 ) with the diameter of S n+1 4 to obtain a lower bound for χ ρ (S n+1 4 ); the resulting sequence of lower bounds turns out to be positive and increasing, which suffices for the proof. This result, which is in a sense negative, motivated us to consider other variations of Sierpiński-type graphs. The first such variation
